
Section 3.4 

Further Considerations Pertinent to the 
Relationship Between Probability and 

Partial Differential Equations



The partial differential equation of Brownian 
motion is common to various different phenomena
• heat conduction
• diffusion of gas 

3.4.0   Introduction

In this section, we will
• continue to study the relations between random 

walk and partial differential equations from a 
continuum viewpoint.

• examine various solution techniques for the 
diffusion equation.



3.4.1   More on diffusion equation and random walk

• There is flow from high concentration to low 
concentration. 

• The simplest hypothesis: such flow is due to 
difference in concentration. 

• The magnitude of flow is proportional to 
gradient. This is Fick’s first law.

J u∝ −∇
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To derivation from a continuum viewpoint

We start with
• u(x, t)  concentration:  the amount per unit 

volume of some quantity interested. 
• J(x, t)  flux: measuring the amount of substance 

that flow through a unit area during a unit time. 
Its dimension

[flux]=[quantity] / ([time]·[area])
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3.4.1   More on diffusion equation and random walk

constitutive relation: Fick’s first law
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diffusion equation

u can be
• Temperature
• Concentration
• …



3.4.1   More on diffusion equation and random walk

Comments

• macro diffusion time t ≫ particle collision time 𝜏𝜏

• macro diffusion distance ≫ particle mean free path

• macro diffusion velocity ≪ particle velocity 
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Nonlinear Diffusion Models
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Phyllotaxis

Alan C. Newell. PRL 110, 248104 (2013)
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3.4.1   More on diffusion equation and random walk

2ikω = −Dispersion relation

• When  𝑓𝑓 𝑢𝑢 = 0

( ) ( ) ( ) ( ) ( )2 2exp exp expu k A k ikx k t A k t ikx= − = −

decay quickly as k>>1
Called: dissipation0 1u as t→ >>

No constant wave in diffusion equation 

tu i uω= − 2
xxu k u= −
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Phase velocity ( )Re / 0c kω= =



3.4.1   More on diffusion equation and random walk

( )2ak i k bω = − − −Dispersion relation
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Nonlinear reaction diffusion models
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3.4.1   More on diffusion equation and random walk

Turing Patterns



3.4.2   Superposition of fundamental solutions: the method of images
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3.4.2   Superposition of fundamental solutions: the method of images

0.001,
0.003,
0.01,
0.1

Dt = ( )
2

0
1, exp

44
xu x t
DtDtπ

 
= − 

 

• 𝑢𝑢0 𝑥𝑥, 𝑡𝑡 called unit source solution or
fundamental solution.

• general solution formed from its combinations.
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3.4.2   Superposition of fundamental solutions: the method of images

,x x t tξ τ→ − → −

Some properties of the diffusion equation
2

2

u uD
t x

∂ ∂
=

∂ ∂

• Translation invariance

( )0 ,u x tξ τ− −

is a solution

an unit source initially placed at
point 𝜉𝜉 and time 𝜏𝜏．

( )0 ,u x t

also solution



3.4.2   Superposition of fundamental solutions: the method of images

• Linearity and superposition

( ) ( ) ( )1 1 2 2, , ,u x t c u x t c u x t= +

The combination of solutions is also a solution.

( ) ( ) ( )1 0 1 2 0 2, , ,u x t c u x t c u x tξ ξ= − + −
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superposition of two sources



Absorbing barrierReflecting barrier

3.3.5  Reflecting and absorbing barriers

u0 fundamental solution starting at x=0 and t=0



3.4.2   Superposition of fundamental solutions: the method of images

Method of image   镜像法
Reflecting barrier
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3.4.2   Superposition of fundamental solutions: the method of images

Absorbing barrier
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Consider the leaking probability at the boundary x=L 
of absorbing barrier

( ), 0u L t =( ) ( ) ( )0 0, , 2 ,u x t u x t u x L t= − −

3.4.3   First passage time as a flux
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3.4.3   First passage time as a flux
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• An alternative interpretation of F(L, t) : the rate 
at which mass is leaving the system at x = L.

• Define F(L, t) dt the probability that a particle is 
absorbed (flow out) per unit time at x = L in the 
time interval (t, t + dt) 



3.4.4   General initial value problem in diffusion
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3.4.4   General initial value problem in diffusion

To check the initial condition
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3.4.5   DNA and The first passage in 2D
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3.4.5   DNA and The first passage in 2D

To determine the probability P(x, y): 
• a particle starting from a point (x,y) in region D
• first reaching the absorbing boundary Γ1. 

first-passage first-exit Absorbing boundary 



3.4.5   DNA and The first passage in 2D

Discrete boundary point (xi, yi)
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3.4.5   DNA and The first passage in 2D
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Laplace equation

Boundary conditions

P: the probability density
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3.4.5   DNA and The first passage in 2D

• Suppose f(x,y) the initial probability distribution 
function in D 

• the probability that a particle leaving D along Γ1 is
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3.4.5   DNA and The first passage in 2D

• P   is the probability function defined above
• Q  is defined as
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3.4.5   DNA and The first passage in 2D

Now our questions becomes to solve Q
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Poisson equation



3.4.5   DNA and The first passage in 2D

Stress Function  φ = φ(x,y)
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Example:  Torsional Deformation
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3.4.6   Recurrence property in Brownian motion

A particle starts at a point x in the domain D described by
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3.4.6   Recurrence property in Brownian motion
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